Abstract. The possibility of the crossover from the BCS pairing to the Bose-Einstein condensate (BEC) of diquarks with going down in density is discussed in the framework of in the Nambu Jona-Lasinio (NJL) model. We find that the quark matter at moderate density may be close to the intermediate of the crossover, the precursory regime to the BEC phase.
INTRODUCTION
It is now established that the ground state of QCD at extremely high baryon density is in the color-flavor locked superfluid [1] where quarks with all the three flavors participate in the Cooper pairing. The appearance of the superfluid CFL is completely due to the BCS mechanism saying that any arbitrary weak attraction between quarks leads to the tachyonic Cooperon on the Fermi surface at sufficiently low temperature.
For the compact star phenomenology, however, one needs to consider other candidates with less symmetric pairing because the strange quark mass is not so much smaller compared to quark chemical potential which is at most of order 500 MeV even at the center of stars. The finite value of strange quark mass causes a stress on the CFL phase. This kinematic effect is known to bring about a rich variety of phases at moderate densities; see [2, 3] for the NJL model studies of QCD phase diagram.
In addition to such kinematic effect, there is the other key ingredient which plays an important role at low densities; that is the strong coupling nature due to the asymptotic freedom of QCD. Going down in density, quark-gluon interaction becomes large, and this may lead a modification in superconducting phases. In fact, the ladder QCD calculation of the coherence length indicates that the Cooper pair size decreases significantly toward low density and it could be of order of inter-quark spacing at µ = 500 MeV [4, 5] . This strongly suggests the crossover from the BCS-type weak coupling superconductivity to the Bose-Einstein Condensate (BEC) of tightly bound quark pairs [6, 7, 8, 9, 10] . Another possible interesting phenomenon is the formation of pseudogap above the critical temperature [11] . These two scenarios indicate the existence of non-trivial (nonWigner) phase above the critical temperature at strong coupling.
Major studies done in past mainly concentrate on the spectral analysis of collective modes. If the fluctuation is so large, however, there must be its feedback to the thermodynamics, the equation of state, for example. Such strong modification of thermodynamics due to fluctuations may bring about remarkable astrophysical consequences.
In this short article, after briefly summarizing the application of the Nozières SchmittRink (NSR) theory [12] to the NJL model following our detailed analysis [6, 7] , we discuss the relativistic BCS-BEC crossover paying a particular attention to the significance of the fluctuation feedback to the quark matter thermodynamics.
APPLICATION OF THE NOZIÈRES SCHMITT-RINK THEORY TO THE NAMBU JONA-LASINIO MODEL
We here consider a general relativistic four-fermion model with a point attraction [6] ,
where ψ, m denote the Dirac spinor field and its mass, µ is the chemical potential to adjust the asymmetry between particle and antiparticle, and G parameterizes the strength of attraction. The extension to the NJL model with isospin doublet, three colors is straightforward and the results will be given later. After introducing HubbardStratonovich fields ∆(τ, x) for iψ T γ 5 Cψ, the fermion can be integrated out:
is the free fermion part of the partition function, while S eff [∆, ∆ * ] is the effective action for the collective bosonic fields. According to [12] , we include the effect of fluctuation up to the second order in ∆. We have
2 where ω n is fermionic Matsubara frequency.
Then the field ∆ can be integrated out and the pressure of the system leads to
where p 0 (µ, T ) = 2T ∑ σ =± dp (2π) 3 ln 1 + e −| √ p 2 +m 2 −σ µ|/T is the free fermion contribution, and p fluc corresponds to the fluctuation contribution defined by
Here, χ µ,
† is the Cooperon at one loop, and Ω N is bosonic frequency. (See [6, 7, 11] for the explicit expression.) Note that, since we are approaching T c from above, the overall factor 1/2 is dropped because the phase and amplitude fluctuation contribute equally to the partition function. When the temperature (chemical potential) is decreased (increased) from the normal phase, the Cooperon becomes tachyonic at some critical point. The thermodynamic stability requires 1 − Gχ µ,T (0, K) > 0. Because the function takes minimum at K = 0 for the system without density imbalance, the condition of criticality is simply
which is nothing but the Thouless criterion. This condition generates a one-dimensional line in the (µ, T )-plane which we call the Thouless line. To see how large the fluctuation effect on the thermodynamics is, it is better to move on to the canonical ensemble. This corresponds to determine the value of µ c by means of
where k F parameterizes the total density of the system. The first term is the free fermion contribution while the second term is the fluctuation contribution. We will see later that, the second term gives a significant contribution even in the BCS side. From above two basic equations, we numerically obtain T c and µ c as a function of density and coupling, i.e., T c (G, k F , Λ) and µ c (G, k F , Λ) where Λ is an appropriate momentum cutoff. Before going into numerical computations, let us briefly summarize the effect of including N c = 3 colors and N f = 2 flavors. If we assume the attraction in the isoscalar and color anti-triplet channel, the Thouless criterion Eq. (5) is not affected. On the other hand, the number condition Eq. (6) is modified as follows.
where k F is redefined so that each fermion species has a density instead of bare coupling G 2 . In Fig. 1(a) , we show T c , µ c as a function of g. When g < ∼ −0.2, T c is well approximated by the mean field result indicated by T MF . In the mean field approximation (without P fluc ), µ MF ∼ = E F by neglecting a tiny correction of order T 2 /E F . As a consequence, T MF is determined almost by the Thouless criterion. As g is increased and the unitary point g = 0 is approached, the mean field result starts to deviate from real T c . This means that fluctuation contribution in the number equation Eq. (7) grows gradually and it cannot be ignored anymore. In fact, the quark density coming from fluctuation grows as seen in fig. (b) . When the coupling exceeds g = 0.07, µ c gets lower than fermion mass m 1 Note that even in the known strong coupling system, the nuclear matter consisting of neutron and proton, this parameter is of order¯h k F mc = O(10 −3 ) at the Mott transition point [13] . 2 The regularized coupling G R is introduced by − 0 (2m, 0) , and G Rc stands for the critical regularized coupling for zero mass boson at vacuum, i.e., −
to the scattering length a s by G R = 4πa s m . Then we see that the zero-binding bound state forms at g = 0 (the unitary limit) and it becomes massless at g = 1 at vacuum. See [7] for the detail. and the in-medium bound state appears accordingly. (See [6, 7] for the detailed spectral analysis.) Then the system goes into the BEC phase where T c is nearly saturated to a constant and T MF completely fails. This saturating behaviour suggests that T c is determined by the number equation Eq. (7) because it does not explicitly depend on G. In fact, the in-medium boson mass is shown to be twice of µ c (M B = 2µ c ) at T = T c , and provided M B ≫ T c (nonrelativistic), Eq. (7) can be approximated by
The factor 2 in the integrand comes from the fact one diquark consists of two quarks.
This gives an approximation
. In fig. (a) , this formula with M B = 2µ c is tried by the thin line, which agrees very well with real T c . The rightarrow indicates the nonrelativistic strong coupling limit of T c , evaluated by T NR BEC with M B = 2m. In the current framework, T c does not saturate to this value and slightly increases due to the binding effect. This is a residual relativistic effect that the binding energy of diquarks can become as large as the order of the constituent fermion mass.
As g is increased and g ∼ = 1 is approached, T NR BEC starts to fail and the system eventually goes into the new regime, the relativistic BEC (RBEC) [14] . This is because the nonrelativistic approximation 2µ c ≫ T c is no longer valid there due to the large binding effect. In fact, the diquark mass is smaller than temperature, 2µ c < ∼ T c , for g > ∼ 1, and therefore anti-diquarks contribute to the thermodynamics. By only taking the stable boson and antiboson contributions in Eq. (7), we get an approximation
in the same way as [14] . This formula with M B = 2µ c is tried by thin line in FIG. 1(a) , which fairly agrees with the real T c . However, in contrast to the RBEC of the elementary boson [14] , our composite boson system has fermionic degrees of freedom due to the competition between the internal energy and entropy [7] . For this reason, the agreement is not so good as that in the BEC region. FIG. 1 from the fermion sector again comes to play a major role in the deep RBEC region.
Remarkably, in the (R)BEC region, there is a non-trivial phase above T c , the preformed boson phase, up to T diss . T diss , shown by the dashed line in FIG. 1(a) , characterizes the ionization of diquarks. Needless to say, the system in the preformed boson phase differs much from a pure Fermi gas although the symmetry is restored.
Interestingly enough, the definite crossover appears also in the dynamic equation for the pair excitaion [7] . By expanding S eff up to the quartic order in ∆ and performing the low energy/long wavelength expansion, we obtain the dynamic equation near T c
where d (complex) and {a 0 , c, b 0 } (real) are the low energy coefficients. If we define the complex effective mass by M eff = 2md c , its real part coming from the particle-hole asymmetry represents the propagating piece of the fluctuating pair field [16] , while the imaginary part expresses its diffusive nature. The real and imaginary parts of M eff as a function of g are depicted in FIG. 2(a) . In the BCS regime, the pair mode is diffusive, but the magnitude of damping decreases significantly as the unitary point g = 0 is approached. When the system goes into the BEC phase, the imaginary part vanishes and fluctuation becomes a pure propagating mode due to a bound state gap. However M eff does not saturate to 2m in contrast to the nonrelativistic calculation [15] ; it gets smaller towards the RBEC phase, which is also due to the relativistic binding effect. (i) The BCS/BEC crossover point m = µ c indicated by the large point shifts to higher value of g. This is due to the Pauli-blocking effect which prevents the formation of inmedium bound state at high (small) density (mass). At the same time, the crossover characteristics of T c gets smeared. (ii) The universal thermodynamics of the unitarity point is absent in the relativistic system as noticed in [9] . T c explicitly depends on the additional parameter¯h k F mc . In fact, the pressure at zero temperature is deduced to take a form p =
with f denoting a dimensionless function; we observe only in the m → ∞ limit the nonrelativistic universal behaviour at 1 k F a s = 0 is recovered. Let us finally discuss in which regime the actual quark matter does exist. The modified coupling g is a function of Λ and m. It is easy to see g → 1 with m → ∞. Also g → −∞ when m → 0 with a natural assumption that a bare coupling GΛ 2 is less than π 2 , the critical value for the dynamical Majorana mass generation at vacuum. As there should be the point g = 0 in between, we conclude that for any fixed value for G < π 2 , the system is BCS-like for m → 0 and it is BEC-like at sufficiently large m. If we fix G to the usually adopted value, 3/4 of an appropriate scaler coupling [2, 3] , g = 0 corresponds to m/Λ ∼ = 0.53. This is much larger mass compared to the current quark masses in agreement with the recently appeared paper [16] . We conclude that somewhat exotic conditions must be satisfied to have the diquark BEC in QCD phase diagram; (i) the diquark coupling is stronger than expected, and/or (ii) in-medium quark mass is larger than its perturbative estimate. Interestingly, two lattice studies, one aboutinteraction [17] and the other for in-medium quasiquark mass [18] are encouraging. Also it is worth noting that even if the BEC phase cannot be reached, the fluctuation feedback to quark matter thermodynamics will be significant. In fact, it can be neglected only in the weak coupling limit as noted in [10] . If so it may bring about a remarkable modification of the structure of possible quark, or hybrid stars. Exploring possible BCS/BEC crossover in quark matter with more realistic situations taken into account, as well as looking for its astrophysical consequences clearly deserves further investigations.
